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Multirate�� Modulators
Francisco Colodro and Antonio Torralba

Abstract—New high-speed�� analog to digital converters
(ADCs) are required for xDSL and RF receivers. As sampling
frequency is upper limited by the amplifier bandwidth and power
consumption, these high-speed, low-power converters operate
with a small oversampling ratio. Usually, they are high-order
cascade structures with a multibit quantizer in the last stage. All
these approaches use a unique sampling frequency. This paper
shows that multirating is a useful technique to reduce power
consumption in high speed�� modulators. To this end, two
different multirate �� modulators are proposed. The first one
uses a low sampling frequency in the first integrator(s) of a single
loop structure, while the second one uses a low oversampling
frequency in the first stage(s) of a cascade converter.

Index Terms—Complementary metal–oxide–semiconductor
(CMOS) integrated circuits, low-power electronics,�� modula-
tion.

I. INTRODUCTION

OVERSAMPLING analog-to-digital (A/D) modulators
have been widely used for high-resolution applications

[1]. They are suitable for very large scale integration (VLSI)
signal processing because of its insensitivity to process and
component variations [2]. For high performance modulators
there is a tradeoff between oversampling ratio and
modulator order . First modulators used single-bit, single
loop architectures with high oversampling ratio. Increasing
the conversion rate may be accomplished by increasing the
sampling frequency or decreasing the oversampling ratio. The
sampling frequency is upper limited by the amplifier bandwidth
and power consumption. Therefore, high speed low-power
modulators operate with a small oversampling ratio.

High accuracy at a low oversampling ratio can be achieved
either, by increasing the modulator order or by using a multibit
quantizer in the oversampled loop. Single-loop high-order mod-
ulators show stability problems which can be overcome by cas-
cading several low-order single-loop modulators. Multibit mod-
ulators offer a direct improvement over 1-bit topologies of
dB, where is the number of bits. Besides, they alleviate the
stability problems that appear in high order single-loop modula-
tors. The major obstacle in designing multibit modulators is the
high accuracy requirement on the multibit digital-to-analog con-
verter (DAC) located in the feedback path. Several techniques
have been proposed to mitigate errors caused by the feedback
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DAC, by using digital [3] or analog correction [4], or dynamic
element matching [5].

New high performance complementary metal–oxide–semi-
conductor (CMOS) ADCs with high accuracy at the MS/s range
are now required for xDSL and mobile terminals. For these ap-
plication several modulators have been recently proposed
with different topologies [6]–[11]. Usually they are high-order
cascaded structures of single bit first- or second-order stages,
with a multibit quantizer at the last stage of the cascade, showing
that selecting the optimal modulator is a compromise between
modulator order, oversampling ratio and resolution of internal
quantizers.

Conventional first-order analysis shows that, for a given dy-
namic range (DR), power consumption of modulators does
not depend on the oversampling ratio. For switched capac-
itor implementations, this analysis assumes that the DR is lim-
ited by the noise of the first integrator. Increasing has
a twofold consequence on the first integrator opamp. On the one
hand, the capacitor load can be decreased, as the noise is
inversely proportional to . On the other hand, the opamp has
to settle faster. Both effects counteract so that power consump-
tion does not change. Similar first-order analysis can be done for
continuous-time and switched-current implementations [12].

Nevertheless, this simple analysis assumes a one-pole model
of the opamp, which is only valid for low sampling frequen-
cies. Therefore, it does not apply for new high-speed modu-
lators, where opamps are operated near their maximum band-
width. In that case, power consumption dramatically increases
with sampling frequency because 1) parasitic capacitances be-
come a significant fraction of the total capacitance, and 2) clock
nonoverlap, and rise and fall times become a significant frac-
tion of the clock cycle. This issue was addressed in [13], where
an analysis of three different opamp topologies including first-
order parasitics, showed a significant increase of the power con-
sumption in the first integrator of a modulator for a high
sampling frequency. A recent example can be seen in [7] and
[10], where two modulators with similar performances were
built in the same technology. The implementation in [7] used

, while the implementation in [10] used ,
achieving more than a 70% of power saving.

Note that, concerning power consumption, only the analog
portion of the modulator is considered here. To get a better esti-
mate of the total power consumption, its digital portion should
be also taken into account. Anyway, as scaling down of tech-
nologies, the contribution of the digital part to power consump-
tion is expected to decrease.

In these approaches the oversampling ratio was unique for all
the integrators. However, the use of different oversampling ra-
tios along the structure of a modulator can alleviate some of
the major problems faced in its design. As the integrators have
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Fig. 1. Architecture of second-order��modulators. (a) MM-��modulator.
(b) Conventional single bit architecture. (c) Conventional mulitibit architecture.

a considerable amount of gain at frequencies in the baseband,
baseband noise and distorsion occurring in the integrators suc-
ceeding the first one are greatly attenuated when referred back
to the modulator input. Therefore, the noise and distorsion per-
formance of a modulator is primarily determined by the first
integrator, which, in turn, determines the power consumption of
the full converter. Concerning resolution, this paper shows that
a reduction in the oversampling ratio of the first integrator(s)
of a modulator can be compensated by an increase in the
oversampling ratio of the last integrators, whose contribution to
power consumption is not so significant. In this sense, this paper
shows that proper selection of the oversampling ratio in each in-
tegrator of a single-loop or a cascaded-modulator is another
architectural decision to be considered in the design of high-res-
olution, low-power, high-speed modulators.

Based on this reasoning, different architectures are proposed
here which decrease the oversampling ratio in the first inte-
grator(s) of a modulator at the cost of an increase in the last
integrators and, in some cases, additional circuitry. The actual
decrease in power consumption achieved with these architec-
tures are not quantified here, as it is technology dependent and
should be addressed in a case-by-case basis.

In [14] a new type of single-loop modulators was pro-
posed where the first integrator works at a lower oversampling
ratio than the rest of integrators [the second-order version is
shown in Fig. 1(a)]. As the modulator outputin Fig. 1(a) has a
high sampling rate, it has to be down-sampled before being fed
back to the first integrator. To this end, a digital filter and

one DAC have to be included in the feedback path. This archi-
tecture can be also considered to be a multibit modulator where
the multibit quantizer in the forward path has been replaced by
a single bit one, operating at a higher frequency, by the increase
in the sampling rate of the last integrator; therefore, it was called
a Multibit-Multirate (MM- ) Modulator.

Although MM- modulators achieve a reduction in the
oversampling ratio of the first integrator, the presence of a
multibit DAC in the feedback path introduces all drawbacks
inherent to multibit architectures. Note that the filter and
the DAC in the feedback path appear because the output signal
has to be fedback to the first integrator. This kind of feedback
is not necessary between stages of cascaded structures, making
them good candidates for multirating. In this paper, a new class
of cascaded modulators, called multirate-cascade
(MC- ) modulators, is proposed, where the first modulator
stage uses an oversampling ratio lower than the rest of stages.

In Section II MM- modulators are reviewed, and their per-
formances are obtained using a new analytical model. In Sec-
tion III the new MC- modulators are presented and their per-
formances are estimated. These results are validated by means
of simulation. All simulations have been carried out in the time
domain using MATLAB-Simulink.1

Although most of results obtained here are useful to any im-
plementation of modulators, we focus our attention in a
switched-capacitor implementation.

II. MM- MODULATOR

For the sake of simplicity, the MM- modulator will be
presented for the second-order case. Fig. 1(b) shows the archi-
tecture of a conventional second-order modulator. Let
be the sampling rate and let be the input signal Nyquist fre-
quency. The oversampling ratio is defined as . Un-
like the conventional modulator of Fig. 1(b), in the MM-
modulator of Fig. 1(a), the first and second integrators are op-
erated at different sampling frequencies. Therefore, this modu-
lator has two different oversampling ratios, and

, where is the oversampling ratio
increment of the second integrator.

In the MM- modulator, the output has to be downsam-
pled at rate before being fed back to the first integrator. To
avoid aliasing, is filtered [by means of the digital filter ],
before being decimated,. To this end, simple comb-type digital
filters are used [1]. Note that, in a practical implementation, the
modulator output would be taken from, rather than from ,
to take profit from the decimation process done in the feedback
path. After decimation, signalis -bit wide, and
a -bit DAC is required to convert it back to the analog world.

The MM- modulator can be also considered to be a
multibit modulator, where the multibit quantizer in the
forward path [Fig. 1(c)] has been replaced by a single bit one,
operating at a higher frequency, by the increase in the clock
rate of the second integrator. In Section III a relation between
the word lengths in the feedback path of a MM- modulator

1 MATLAB-Simulink is a registered trademark of The MathWorks, Natick,
MA.
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Fig. 2. Block diagram equivalent to the MM-�� modulator of Fig. 1(a).

and of a multibit modulator with similar performances,
will be given.

For the sake of completeness, in a MM- modulator with
order higher than 2, every integrator is operated at the high fre-
quency rate , except the first one which is operated at the low
frequency rate . Note that other intermediate solutions could
be considered, extending the low oversampling ratio to integra-
tors other than the first one. These intermediate solutions are not
studied here and will be deferred to future research.

A. Analysis of the MM- Modulator

Let us turn again our attention to the second-order MM-
modulator. The circuit in Fig. 1(a) can be shown to be equivalent
to the circuit in Fig. 2. Now the first integrator of Fig. 1(a),
working at the rate , and the sample and hold interpolator
have been replaced in Fig. 2 by an integrator working at the rate

and a -delay.
Using a linear model for the quantizer in Fig. 2, the following

expression can be obtained:

STF NTF (1)

where is the -transform of the subsampled input se-
quence and is the quantization noise. The second member
of expression (1) is the summation of three terms: the input
signal filtered by the signal transfer function (STF), the shaped
quantization noise, and an error term, , due to aliasing
in the decimation process. The and the noise transfer
function are given by

STF and NTF (2)

respectively. STF and NTF have a common denominator

(3)

The error term is given by

(4)

Fig. 3. Ratio between the inband power of the quantization noise and the
contribution of the aliasing terms, in a MM-�� modulator withN = 4, for
three different values of the low oversampling ratioM .

It can be shown that, for common values of, the spectral com-
ponents of folded into the signal band are negli-
gible, when is a second-order comb-type filter, i.e.

(5)

Fig. 3 shows the ratio between the inband power of the shaped
quantization noise and the contribution of the aliasing term, for
different input signal amplitudes, in a MM- modulator with

and given by (5). Fig. 3 has been obtained by
simulation using the model of Fig. 2.

Based on the results shown in Fig. 3, the term can
be ignored in the baseband. Besides, as , and

, in a first order approach, the denominator
can be replaced by , then

(6)

Note that the factor which multiplies in (6) cancels
the attenuation introduced by the input interpolator (see Fig. 2).
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Proceeding as in [1], the inband quantization noise power
(QNP) is given by the expression

QNP (7)

where is the inband QNP of a th-order
modulator with quantization step, oversampling ratio

in the first integrator, and in the rest.
Following a similar procedure, the inband QNP of high-order

MM- modulators can be obtained

QNP (8)

B. Relative Performances of MM- Modulators

To evaluate the performances of MM- modulators,
expression (9) shows the ratio between the inband QNP of a

th-order MM- modulator with oversampling ratios
and , and the inband QNP of a conventional-bit

th-order modulator with oversampling ratio . From (8)

QNP
QNP

(9)

Three cases will be considered.

a) 1-bit th-order conventional modulator operating at
the low oversampling ratio (i.e., ).
In this case, the ratio between the inband QNP’s falls by

dB, for every doubling of the oversampling
ratio increment .

b) 1-bit th-order conventional modulator with over-
sampling ratio (i.e., ), and a MM- modulator
with and (i.e., ). Ac-
cording to expression (9), the inband QNP of the MM-
modulator is dB smaller than the inband QNP
of the conventional modulator. This result shows that
a lower oversampling in the first integrator can be fa-
vorably compensated by an increase in the oversampling
ratio of the rest of integrators.

c) -bit th-order conventional modulator operating
at the low oversampling ratio (i.e., ).
According to (9), the MM- modulator and the-bit
conventional modulator have the same inband QNP
when

(10)

If or , this expression reduces to
.

As expected, this result clearly shows that, compared to a
multibit structure, the gain in resolution for MM- modula-
tors comes from replacing the multibit quantizer in the forward
path by a single bit one, operating at a higher frequency, by the
increase in the oversampling ratio of last integrators.

C. Simulation Results and Discussion

Simulations reveal that a convenient order for filter
in the feedback path of the MM- modulator is ,

and this value has been used in the simulations reported here.
Fig. 4 shows the simulated signal-to-noise plus distortion ratio
(SNDR) for a MM- modulator with and
(the feedback DAC resolution is ). This ar-
chitecture will be compared to other three conventional second-
order modulators with different topologies and oversampling ra-
tios.

Once again, three different cases will be considered.

a) 1-bit conventional modulator operating at the low
oversampling ratio . As expected [expression
(9)], approximately 18 dB separate both SNDR curves in
Fig. 4.

b) 1-bit conventional modulator with oversampling ratio
: Expression (9) predicts 3 dB of larger SNDR

for the MM- modulator. This difference is hardly ap-
preciated in Fig. 4, except for small input signals, where
second order effects seems to make the MM-modu-
lator to perform better than predicted by our simple first-
order analysis, although it should be verified in a real
implementation. These effects are not completely under-
stood yet and shall be studied in the future. Concerning
power dissipation, as the oversampling ratio of the first
integrator in the MM- architecture is a half of the
oversampling ratio of the conventional modulator,
its power consumption is expected to be smaller. On the
other hand, the MM- modulator introduces an addi-
tional filter and one DAC in the feedback path, whose ef-
fects on power consumption should be carefully studied.

c) 4-bit conventional modulator operating at the low
oversampling ratio (i.e., ). According
to expression (10) a 3-bit conventional modulator
should have a SNDR similar to the SNDR of the MM-
modulator shown in Fig. 1(a) with . However, as
the DAC resolution of the MM- modulator is 4 bit,
a 4-bit conventional architecture has been selected for
comparison. It can be seen in Fig. 4 that the 4-bit
converter approximately has a 11 dB improvement in the
SNDR, at least for high input signals, as predicted by (9).
For small input signals, second effects mentioned above,
seem to make the MM- modulator to exhibit a better
SNDR. Concerning power consumption, despite the in-
crease in the sampling ratio of the last integrators, the area
and power consumption of a MM- modulator are ex-
pected to be lower than those of a conventional multibit

modulator of similar performances. Note that, as the
noise generated in the last stages of the modulator
does not critically affect modulator performances, their
capacitors are minimized so that they have a small contri-
bution to the total power consumption. The output
is decimated from the lower frequency using conventional
techniques. On the other hand, the multibit ADC has been
removed from the forward path in the MM- modu-
lator.

III. MC- ARCHITECTURES

Although MM- modulators achieve a reduction in the
oversampling ratio of the first integrator, they introduce a dec-
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Fig. 4. Simulated SNDR versus input signal amplitude for several
second-order modulators with different topologies and oversampling ratios.

imation filter and a multibit DAC in the feedback path whose
inherent nonlinearities have to be compensated by means of
additional hardware. A similar reduction in the oversampling
ratio of the first integrators without the detrimental effects of an
internal DAC can be achieved using cascade architectures.

High-order modulators can be built by cascading mul-
tiple low-order modulators [16]. In this way the stability
properties of low-order (namely, first- and second-order) struc-
tures are preserved. In a cascade modulator, a measure of
the error term of theth stage is digitized in the th stage,
and their outputs are combined in the digital domain, in such a
way that the noise of theth stage is cancelled. To achieve can-
cellation, special attention has to be paid to mismatches between
coefficients in the analog and digital signal flows.

Like in the integrators of single loop modulators, the noise of
each succeeding stage of a cascaded modulator, when referred to
the modulator input, is shaped to a higher degree than the noise
of the previous stage. The higher the order of noise shaping, the
greater the attenuation in the passband. Therefore, the require-
ments on cancellation of noise from the second stage are much
less than those from the first stage. Because of noise shaping,
usually only the first stage in a cascade requires special design
considerations and it determines the power consumption of the
full modulator.

As an example, in the design process of the 2-2-2 modulator
reported in [9], using an oversampling ratio of 16, 62% of total
power was consumed in the first stage, 24% in the second stage
and only 14% in the third one. Furthermore, the third stage did
not contribute significant thermal noise at the modulator input,
and minimum sized capacitors were used.

Multirate signal processing can be also applied to reduce the
power consumption of a cascade modulator. As power con-
sumption highly increases with sampling frequency when the
opamps are operated near their maximum bandwidth, a signif-
icant reduction in power consumption is expected if the first
stage is operated with a smaller oversampling ratio than the
rest of stages. A new class of cascade modulators, called

MC- modulators, is proposed here. In a MC- modu-
lator the first stage is operated at a low sampling frequency,
while the rest of stages is operated at a high sampling frequency

, where is the oversampling ratio increment in
the last stages of the modulator. Fig. 5 shows the 2-2 MC-
modulator.

Unlike MM- modulators, in a MC- modulator the
highest rated signals are not fed back to the analog circuitry
working at the lowest rate. Therefore, the modulator in Fig. 5
does not require an additional decimation filter, neither a DAC.

Note that other intermediate topologies could also be consid-
ered. For instance, a different oversampling ratio could be se-
lected for each modulator stage, just as sampling capacitors are
usually scaled according to their contribution to the input re-
ferred quantization noise. These new multirate topologies are a
natural extension of the MC- modulators proposed here.

A. Analysis of the MC- Modulator

The analysis of the 2-2 modulator of Fig. 5 will be made.
Extension to other cascaded topologies is straightforward.

Assuming perfect matching between coefficients in the
analog and digital domains, the-transform of the modulator
output is now given by

(11)

where is the quantization noise in the second modulator
stage and is the -transform of the subsampled input se-
quence.

Proceeding as in [1] the error cancellation filters are now
given by

(12)

The filter can be implemented as a cascade of two filters:
working at the lowest sampling frequency , and

working at the highest sampling frequency . Note that the
sample and hold interpolator placed between filters and

compensates the effects of the sample and hold interpo-
lator placed between stages in the analog domain, therefore, its
transfer function has not been included in the cancellation filter

. Coefficient in cancels the coefficient that ap-
pears between stages in the analog domain. Although it can be
optimized to maximize signal swing, a value of is ap-
propriate.

B. Simulation Results and Discussion

Considering that the low-frequency gain of the integrators in
the second stage is dB greater than that of integrators
in the first stage, the expected theoretical improvement in the
SNDR is dB when compared to a classical cascade
of two second-order stages where all integrators are working
at the lowest rate . For instance, if the expected
improvement in the SNDR is 24 dB. This result is validated
by simulation as can be seen in Fig. 6. This figure shows the
SNDR for four different 2-2 cascade modulators. Note that
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Fig. 5. New 2-2 (MC-��) modulator.

Fig. 6. SNDR versus input signal amplitude for 2-2 cascade��moduladors.

the SNDR for a MC- modulator with and
is approximately equal to the SNDR of the conventional
modulator operating at the oversampling ratio . This
result shows that a reduction in the oversampling ratio of the
first modulator stage can be compensated for a similar increase
in the oversampling ratio of the last modulator stages, whose
effects on power consumption are not so critical.

IV. CONCLUSION

New high-speed, low-power converters operate at a
low oversampling ratio. This paper has shown that multirating
is a useful technique to reduce power consumption in
converters. As integrators have a large gain in the baseband,
baseband noise and distorsion occurring in the integrators

succeeding the first one are greatly attenuated when referred
back to the modulator input. Therefore, the noise and distorsion
performance of a modulator is primarily determined by the
first integrator, which, in turn, determines the power consump-
tion of the full modulator. To reduce the power consumption in
the first integrator(s) of a modulator, two new types of
modulators have been proposed. The first one, called MM-
modulator, uses a low oversampling ratio in the first integrator
of a single loop modulador. MM- modulators require an
additional digital filter and one multibit DAC in the feedback
path, and they can be considered to be multibit converters,
whose multibit quantizer in the forward path has been replaced
by a single bit one, operating at a higher frequency, by an
increase in the sampling frequency of last integrators. The
second type of new modulators, called MC- modulator,
uses a low oversampling ratio in the first stage of a cascaded
architecture. MC- modulators do not require additional
filtering nor multibit DACs. Performances of MM- and
MC- modulators have been studied and compared to those
of conventional modulators showing that, concerning
resolution, a reduction in the oversampling ratio of the first
integrator(s) or stage(s) of a modulator can be compensated
by an increase in the oversampling ratio of the last ones, whose
contribution to power consumption is not so significant. These
results open the way to new high-performance multirate
modulators, where the sampling frequency of each integrator
or stage is optimized to minimize power consumption.
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